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Abstract. We give an explicit construction of Haar functions associated to a system of 
dyadic cubes in a geometrically doubling quasi-metric space equipped with a positive Borel 
measure, and show that these Haar functions form a basis for L^. Next we focus on spaces X 
of homogeneous type in the sense of Coifman and Weiss, where we use these Haar functions 
to define a discrete square function, and hence to define dyadic versions of the function spaces 
H^{X) and BMO(Ar). In the setting of product spaces X = Xi x ■ ■ ■ x of homogeneous 
type, we show that the space BMO(A') of functions of bounded mean oscillation on X can 
be written as the intersection of finitely many dyadic BMO spaces on X, and similarly for 
Ap{X), reverse-Holder weights on X, and doubling weights on X. We also establish that 
the Hardy space H^{X) is a sum of finitely many dyadic Hardy spaces on X, and that the 
strong maximal function on X is pointwise comparable to the sum of finitely many dyadic 
strong maximal functions. These dyadic structure theorems generalize, to product spaces 
of homogeneous type, the earlier Euclidean analogues for BMO and due to Mei and to 
Li, Pipher and Ward. 
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1. Introduction 

This paper has three main components: (1) the explicit construction of a Haar basis asso¬ 
ciated to a system of dyadic cubes on a geometrically doubling quasi-metric space equipped 
with a positive Borel measure, (2) dehnitions of dyadic product function spaces, by means of 
this Haar basis, on product spaces of homogeneous type in the sense of Coifman and Weiss, 
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and (3) dyadic structure theorems relating the continuous and dyadic versions of these func¬ 
tion spaces on product spaces of homogeneous type. We describe these components in more 
detail below. 

The function spaces we deal with in this paper are the Hardy space the space BMO of 
functions of bounded mean oscillation, and the classes of Muckenhoupt Ap weights, reverse- 
Holder weights, and doubling weights. Much of the theory of these function spaces can be 
found in [JoNi], [FS], [GCRF] and [Ste]. Here we are concerned with generalising the dyadic 
structure theorems established for Euclidean underlying spaces in [LPW] and [Mei]. 

A central theme in modern harmonic analysis has been the drive to extend the Calderon- 
Zygmund theory from the Euclidean setting, namely where the underlying space is with 
the Euclidean metric and Lebesgue measure, to more general settings. To this end Coifman 
and Weiss formulated the concept of spaces of homogeneous type, in [CW71]. Specihcally, 
by a space {X, p, p) of homogeneous type in the sense of Coifman and Weiss, we mean a set 
X equipped with a quasi-metric p and a Borel measure p that is doubling. There is a large 
literature devoted to spaces of homogeneous type, in both their one-parameter and more 
recently multiparameter forms. See for example [CW71, CW77, MS, DJS, H94, HS, H98, 
ABI07, DH, HLL, CLW] and [AH]. Some non-Euclidean examples of spaces of homogeneous 
type are given by the Carnot-Caratheodory spaces whose theory is developed by Nagel, Stein 
and others in [NS04], [NS06] and related papers; there the quasi-metric is dehned in terms 
of vector helds satisfying the Hormander condition on an underlying manifold. 

Meyer noted in his preface to [DH] that “One is amazed by the dramatic changes that 
occurred in analysis during the twentieth century. In the 1930s complex methods and Fourier 
series played a seminal role. After many improvements, mostly achieved by the Calderon- 
Zygmund school, the action takes place today on spaces of homogeneous type. No group 
structure is available, the Fourier transform is missing, but a version of harmonic analysis 
is still present. Indeed the geometry is conducting the analysis.” 

When we go beyond the Euclidean world and attempt to prove our dyadic structure theo¬ 
rems in the setting of spaces of homogeneous type, we immediately encounter the following 
two obstacles. First, the Euclidean proofs rely on the so-called one-third trick, which says in 
effect that each ball is contained in some cube whose measure is (uniformly) comparable to 
that of the ball, and which belongs either to the usual dyadic lattice or to a hxed translate of 
the dyadic lattice. However, in a space of homogeneous type there is no notion of translation. 
Second, in the Euclidean proofs one uses a dehnition of dyadic function spaces in terms of 
the Haar coefficients. However, the theory of Haar bases on spaces of homogeneous type is 
not fully developed in the literature. In the present paper, we overcome the hrst obstacle by 
means of the adjacent systems of dyadic cubes constructed by the hrst author and Hytonen 
in [HK] , and the second obstacle by our full development of an explicit construction of Haar 
bases for in a setting somewhat more general than that of spaces of homogeneous type. 

We now describe in more detail the three main components of this paper, listed at the 
start of the introduction. 

(1) We include in this paper a detailed construction of a Haar basis associated to a system 
of dyadic cubes on a geometrically doubling quasi-metric space equipped with a positive 
Borel measure. The geometric-doubling condition says that each ball can be covered by a 
uniformly bounded number of balls of half the radius of the original ball. This setting is 
somewhat more general than that of spaces of homogeneous type in the sense of Coifman 
and Weiss. Although such bases have been discussed in the existing literature (see below), 
to our knowledge a full construction has not appeared before. We believe that such bases 
will also be useful for other purposes, beyond the dehnitions of dyadic function spaces for 
which they are used in this paper. 

Haar-type bases for L‘^{X,p) have been constructed in general metric spaces, and the 
construction is well known to experts. Haar-type wavelets associated to nested partitions in 
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abstract measure spaces are provided by Girardi and Sweldens [GS]. Such Haar functions 
are also used in [NRV], in geometrically doubling metric spaces. For the case of spaces of 
homogeneous type, we refer to the papers by Aimar et ah [Aim, ABI07, AG]; see also [ABI05, 
ABNlla, ABNllb] for related results. In the present paper the context is a slightly more 
general geometrically doubling quasi-metric space {X,p), with a positive Borel measure p. 
Our approach differs from that of the mentioned prior results, and it uses results from general 
martingale theory. We provide the details, noting that essentially the same construction can 
be found, for example, in [Hyt, Ghapter 4] in the case of Euclidean space with the usual 
dyadic cubes and a non-doubling measure. 

(2) It is necessary to develop in the setting of product spaces X of homogeneous type 
careful definitions of the continuous and dyadic versions of the function spaces we consider. 
In the Euclidean setting the theory of product BMO and was developed by Ghang and 
R. Fefferman in the continuous case [Gha, Fef, GF], and by Bernard in the dyadic case [Berj. 

We recall that {X, p, p) is a space of homogeneous type in the sense of Goifman and Weiss 
if p is a quasi-metric and /i is a nonzero measure satisfying the doubling condition. A quasi¬ 
metric p : X xX —y [0, oo) satisfies (i) p{x, y) = p(p, x) > 0 for all x, p G X; (ii) p(x, p) = 0 
if and only if x = p; and (iii) the quasi-triangle inequality, there is a constant Aq G [1,cxd) 
such that for all x, y, z ^ X, 

(1.1) p{x,y) < Ao[p{x,z) + p{z,y)]. 

In contrast to a metric, the quasi-metric may not be Holder regular and quasi-metric balls 
may not be open; see for example [HK, p.5]. A nonzero measure p satisfies the doubling 
condition if there is a constant such that for all x G X and all r > 0, 

(1.2) /i(R(x, 2r)) < G^/i(R(x,r)) < oo. 

We do not impose any assumptions about regularity of the quasi-metric, nor any additional 
properties of the measure. 

As shown in [GW71], spaces of homogeneous type are geometrically doubling. Thus our 
construction of the Haar basis is valid on {X,p,p). 

We denote the product of such spaces by X = Xi x • • • x X„, with the product quasi-metric 
p = Pi X ■■■ X pn and the product measure p = pi x ■ ■ ■ x p^- 

The task of defining our function spaces on the product space X is straightforward for Ap, 
RHp and doubling weights. As in the Euclidean case, the product weights on X are simply 
those weights that have the one-parameter Ap, RHp or doubling property in each factor, 
and Lebesgue measure is replaced by the Borel measure p. The situation is more delicate 
for and BMO. For the continuous versions, we use the definition from [HLW] of H^{X) 
via a square function that makes use of the orthonormal wavelet bases developed in [AH] 
for spaces of homogeneous type in the sense of Goifman and Weiss. We define BMO(X) in 
terms of summation conditions on the [AH] wavelet coefficients. As is shown in [HLW], these 
definitions yield the expected Hardy space theory and the duality relation between H^{X) 
and BMO(X). 

For the dyadic versions of and BMO on X, we replace the [AH] wavelets in these 
definitions by a basis of Haar wavelets, constructed in the present paper, associated to a 
given system of dyadic cubes as constructed in [HK]. 

(3) In this paper we show that on product spaces X of homogeneous type, in the sense 
of Goifman and Weiss, the space BMO of functions of bounded mean oscillation coincides 
with the intersection of finitely many dyadic BMO spaces. The product Euclidean version 
of this result appears in [LPW], the one-parameter Euclidean version in [Mei], and the one- 
parameter version for spaces X of homogeneous type in [HK]. In addition, generalizing the 
Euclidean results of [LPW], we establish the analogous intersection results for Muckenhoupt’s 
Ap weights Ap{X), 1 < p < oo, for the reverse-Holder weights RHp{X), 1 < p < oo, and 
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for the class of doubling weights on X; the result that the Hardy space H^{X) is the sum of 
hnitely many dyadic Hardy spaces on X; the result that the strong maximal function on X 
is comparable to the sum of hnitely many dyadic maximal functions on X. 

We note that our methods should suffice to establish the generalizations to spaces of 
homogeneous type of the weighted dyadic structure results in [LPW], namely Theorem 8.1 
for product weighted by an Hqo weight and Theorem 8.2 for the strong maximal function 
weighted by a doubling weight. We leave it to the interested reader to pursue this direction. 

We note that in a different direction, not pursued in the present paper, a connection 
between continuous and dyadic function spaces via averaging is developed in the papers [GJ, 
War, PW, Tre, PWX], and [CLW], for both Euclidean spaces and spaces of homogeneous 
type. Specihcally, a procedure of translation-averaging (for BMO) or geometric-arithmetic 
averaging (for Ap, RHp, and doubling weights) converts a suitable family of functions in 
the dyadic version of a function space into a single function that belongs to the continuous 
version of that function space. We do not discuss the averaging approach further in the 
present paper. 

This paper is organized as follows. In Section 2, we first recall the dehnition of systems 
of dyadic cubes and the related properties of those cubes. Next we recall the result of 
Hytonen and the hrst author (see Theorem 2.7) on the existence of a collection of adjacent 
systems of dyadic cubes, which provides a substitute in the setting of spaces of homogeneous 
type for the one-third trick in the Euclidean setting. In Section 3 we prove our dyadic 
structure results for the Ap, RHp and doubling weights, as well as for maximal functions. In 
Section 4, we construct the Haar functions on a geometrically doubling quasi-metric space 
(X, p) equipped with a positive Borel measure /i (Theorem 4.8). Then we prove that the 
Haar wavelet expansion holds on H{X) for all p G (l,cxo) (Theorem 4.9). In Section 5 we 
recall the dehnitions of the continuous product Hardy and BMO spaces from [HLW], and 
provide the dehnitions of the dyadic product Hardy and BMO spaces by means of the Haar 
wavelets we have constructed. In Section 6, we establish the dyadic structure theorems for the 
continuous and dyadic product Hardy and BMO spaces (Theorems 6.1 and 6.2), by proving 
the dyadic atomic decomposition for the dyadic product Hardy spaces (Theorem 6.5). 

2. Systems of dyadic cubes 

The set-up for Section 2 is a geometrically doubling guasi-metric space: a quasi-metric 
space (X, p) that satishes the geometric doubling property that there exists a positive integer 
Hi G N such that any open ball B{x,r) := {p G X: p{x,y) < r} of radius r > 0 can be 
covered by at most Ai balls B{xi,r/2) of radius r/2; by a quasi-metric we mean a mapping 
p: X X X —)■ [0, cxo) that satishes the axioms of a metric except for the triangle inequality 
which is assumed in the weaker form 

p{x, y) < Ao{p{x, z) + p{z, y)) for all x,y,zeX 
with a constant Aq>1. 

A subset O C X is open (in the topology induced by p) if for every x E Q there exists 
£ > 0 such that B{x, e) C H. A subset F C X is closed if its complement X\F is open. The 
usual proof of the fact that F C X is closed, if and only if it contains its limit points, carries 
over to the quasi-metric spaces. However, some open balls B{x, r) may fail to be open sets, 
see [HK, Sec 2.1]. 

Constants that depend only on Aq (the quasi-metric constant) and Ai (the geometric 
doubling constant), are referred to as geometric constants. 
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2.1. A system of dyadic cubes. In a geometrically doubling quasi-metric space (X, p), a 
countable family 

^ = IJ &k = {Ql-ae M:}, 

of Borel sets C X is called a system of dyadic cubes with parameters 5 G (0,1) and 
0 < Cl < Cl < cxo if it has the following properties: 


(2.1) 

X = g^ (disjoint union) 

for all fc G Z; 




(2.2) 

li i. >k, then either g^ C g^ oi 

- = 

(2.3) 

for each {k,a) and each i < k, there exists 

a unique fl such that C g^ 

(2.4) 




for each (/c, a) there exist between 1 and M (a fixed geometric constant) /3 such that 

Oy* £ and Ql= U 0; 

QG^+l 

QCQfc 

(2.5) B{xl cih^) C C B{xl Cg^) =: i?(g^); 


(2.6) ^>k and C g^, then i?(g^) C B{Q^). 

The set is called a dyadic cube of generation k with center point G and side 
length 6^. The interior and closure of are denoted by and g^, respectively. 

We recall from [HK] the following construction, which is a slight elaboration of seminal 
work by M. Christ [Chr], as well as Sawyer-Wheeden [SW]. 


Theorem 2.1. Let (X, p) be a geometrically doubling guasi-metric space. Then there exists 
a system of dyadic cubes with parameters 0 < 5 < (12Aq)“^ and ci = (3Aq)“^,Ci = 2Ao. 
The construction only depends on some fixed set of countably many center points x^, having 
the properties that 

p(a;^, Xo) > (5^ (07^/3), minp(x, x^) < 5 ^ forallx^X, 

^ Ol 


and a certain partial order < among their index pairs {k,a). In fact, this system can be 
constructed in such a way that 


(2.7) 

Qa = {4 • 

and 


(2.8) 

Q‘=mtQ;=(UQ‘)“, 



and 


(2.9) 

Ql<AQl<A qI 


where are obtained from the closed sets and the open sets g^ by finitely many set 
operations. 

Remark 2.2. The proof in [HK] shows that the first and the second inclusion in (2.5) hold 
with g^ replaced by and Q^, respectively. We mention that, for any Q E the number 
M of dyadic sub-cubes as in (2.4) is bounded by M < A\{Aq/. 
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2.2. Further properties of dyadic cubes. The following additional properties follow di¬ 
rectly from the properties listed in (2.1)-(2.6); 

(2.10) X is bounded if and only if there exists Q ^ such that X = Q] 

(2.11) for every x E X and A; G Z, there exists a unique Q E S'k such that 
X E Q =: Q^{x); 

(2.12) x G X is an isolated point if and only if there exists k E h such that {x} = Q^{x) 

for all £ > k. 


2.3. Dyadic system with a distinguished center point. The construction of dyadic 
cubes requires their center points and an associated partial order be hxed a priori. However, 
if either the center points or the partial order is not given, their existence already follows 
from the assumptions; any given system of points and partial order can be used as a starting 
point. Moreover, if we are allowed to choose the center points for the cubes, the collection 
can be chosen to satisfy the additional property that a hxed point becomes a center point 
at all levels: 

given a hxed point xq G X, for every k E Z, there exists a such that 

(2.13) . . 

Xo = x^, the center point of E S^k- 

This property is crucial in some applications and has useful implications, such as the follow¬ 
ing. 

Lemma 2.3. Given x,y E X, there exists k E 'L such that y G Q^{x). Moreover, if 
p{x,y) > 5^, then y ^ Q^+^(x). In particular, if p{x,y) > 0, there do not exist arbitrarily 
large indices k such that y G Q^{x). 

Proof. Pick k eTj such that x,y E B{xo,ci5^). The hrst assertion follows from (2.5) for the 
Qq that has xq as a center point. For the second assertion, suppose p{x,y) > 6^. Denote by 
x^^ the center point of Q^^^{x). Then 

p(y,^'L*^)>App(x,y)-p(x,xl»)>ApS'‘-C,S'‘*'>CiS'‘*' 

since 12Aq5 < 1 and Ci = 2Ho, showing that y ^ Q’^~^^{x). □ 

Lemma 2.4. Suppose a and u are non-trivial positive Borel measures on X, and A X is 
a measurable set with uj{A) > 0. Then there exists a dyadic cube Q E ^ such that a{Q) > 0 
and u:{A fl Q) >0. In particular, if {X,p,p) is a quasi-metric measure space, E X is 
a set with p{E) > 0, and x E X, then there exists a dyadic cube Q such that x E Q and 
p{EnQ) > 0. 

Proof. For k eTj, consider the sets Bk := B{xq, Ci5~^) and Ak := APBk. First observe that 
a{Bk) > 0 for k > ko and u{Ak) > 0 for k > ki. Indeed, X = and Hi C H 2 C ..., 

so that 0 < ct(X) = limfc^oo <T(Hfc). Similarly, A = and Hi C H 2 C ..., so that 

0 < uj{A) = hmfc_j.oo Ci;(Hfc). Set k = max{A;o,A;i} and let Q G ^ be the dyadic cube of 
generation —k centred at xq. Then Bk C Q by (2.5), and it follows that cr(Q) > u{Bk) > 0 
and u{A fl Q) > u{A n Bk) = oo{Ak) >0. □ 


We will need the following consequence of (2.13). 
Lemma 2.5. For any x E X, Q^{x) X as k ^ — 00 . 


Proof. Given x E X, pick k E Z such that x G H(xo,Ci(5^) where Xq G X is as in (2.13). 
Then x E where is the dyadic cube in &k with center point xq. The assertion follows 
by 

D B(xo, Cid^) -E’ X as k ^ — 00 . 


□ 
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Remark 2.6. Note that the usual Euclidean dyadic cubes of the form 2“^([0,1)" + m), k G 
Z,m G Z”, in M" do not have the property (2.13), and that Lemmata 2.3, 2.4 and 2.5 
depend on this property. A simple example of a system with a distinguished center point, 
using triadic rather than dyadic intervals, is as follows. In the real line divide each interval 
[n, n + 1), n G Z, into three triadic intervals of equal length, divide each of these intervals 
in three, and so on. Now require that the parent interval of [0,1) is [—1, 2), so that [0,1) is 
the middle third of its parent interval. Similarly require that the parent interval of [—1, 2) is 
[—4, 5), and so on. Then the point xq = 1/2 is a distinguished center point for this system. 

2.4. Adjacent systems of dyadic cubes. In a geometrically doubling quasi-metric space 
{X, p), a finite collection f = 1, 2,..., T} of families is called a collection of adjacent 
systems of dyadic cubes with parameters 6 G (0,1), 0 < ci < Ci < oo and 1 < C < oo 
if it has the following properties: individually, each is a system of dyadic cubes with 
parameters 6 G (0,1) and 0 < Ci < Ci < oo; collectively, for each ball B{x,r) C X with 
^fc+3 < j.. < ( 5 ^+ 2 ^ A: G Z, there exist t G {1, 2, ..., T} and Q E oi generation k and with 
center point such that p{x, ^x^) < 2 Aq6'^ and 

(2.14) B{x,r) C Q C B{x,Cr). 

We recall from [HK] the following construction. 

Theorem 2.7. Let {X,p) be a geometrically doubling quasi-metric space. Then there exists 
a collection t = 1,2,... ,T} of adjacent systems of dyadic cubes with parameters 5 G 
(0, (96Aq)“^), Cl = (12 Aq)“^, Cl = 4Aq and C = 8Aq(5“^. The center points ^x^ of the cubes 
Q E have, for each t E {1, 2,..., T}, the two properties 

p(*a:^,*Xo) > (4 Aq)“^( 5^ (a 7 ^/3), mm.p{xx^^) < 2 Aq 5^ for all x E X. 

Moreover, these adjacent systems can be constructed in such a way that each 3)^ satisfies the 
distinguished center point property (2.13). 

Remark 2.8. For T (the number of the adjacent systems of dyadic cubes), we have the 
estimate 

(2.15) T = T(Ao,Ai,(5) < A6(A^/(5)'°S2^L 

Note that in the Euclidean space M"" with the usual structure we have Aq = 1, Ai > 2"' and 
5 = |, so that (2.15) yields an upper bound of order 2'^”'. We mention that T. Mei [Mei] 
has shown that in the conclusion (2.14) can be obtained with just n -|- 1 cleverly chosen 
systems 3^. 

Further, we have the following result on the smallness of the boundary. 

Proposition 2.9. Suppose that 144Aq(5 < 1. Let p be a positive a-finite measure on X. 
Then the collection {3^ : t = 1, 2,..., T} may be chosen to have the additional property that 

T 

p{dQ) = 0 for all Q G 3*. 

t=i 


3. Dyadic structure theorems for maximal functions and for weights 

In this section we establish that in the setting of product spaces of homogeneous type, the 
strong maximal function is pointwise comparable to a sum of finitely many dyadic maximal 
functions, and that the strong Ap class is the intersection of finitely many dyadic Ap classes, 
and similarly for reverse-Holder weights RHp and for doubling measures. 
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3.1. Maximal functions. Let {X, p, p) be a space of homogenenous type, and let : t = 
1,..., T} be a collection of adjacent systems of dyadic cnbes in X as in Theorem 2.1. 

Similarly, for each j G {1,..., /c} let {Xj,pj,pj) be a space of homogeneous type, with 
an associated collection of adjacent systems of dyadic cubes ; tj = Let 

X := X • • • X Xk with the product quasi-metric pi x • • • x p*, and the product measure 
pix ■■■ X pk- 

Theorem 3.1. The maximal function M (or strong maximal function Mg in the product 
case) controls each dyadic maximal function pointwise, and is itself controlled pointwise by 
a sum of dyadic maximal functions, as follows. 

(i) Let (X, p, p) be a space of homogeneous type. Then there is a constant C > 0 such 
that for each f G Ll^^{X), and for all x E X, we have the pointwise estimates 

M(if{x) < CMf{x) for each t E {1,... ,T}, and 

T 

Mf(x)<cY^My(x). 

t=l 

(ii) Let {Xj,pj,pj), j E {l,...,/c}, be spaces of homogeneous type. Then there is a 
constant C > 0 such that for each f E L(^^(X), 

< CMsf{x) for each tj G {1,..., Tj}, j G {1,..., k}, and 

Ti Tfc 

M.f{x)<cY,---Y,Ml' . 

ti=i tk=i 

These maximal operators are dehned as follows. For / G L(^^(X,p) let Mf denote the 
Hardy-Littlewood maximal function, given by 

Mf{x) :=sup—^ [ \f{y)\dp{y), 

BBx p[B) Jb 

where the supremum is taken over all balls B <Z X that contain x. For each t E {1,..., T}, 
denote by M^f the dyadic maximal function with respect to the system S'* of dyadic cubes 
in X] here the supremum is taken over only those dyadic cubes Q E S* that contain x. 

In the multiparameter case, instead of the Hardy-Littlewood maximal function we consider 
the strong maximal function Mgf, dehned as follows. Take x = {xi,... ,Xk) E X and 
/ G L(^^(X, Pi X ■ ■ ■ X pk). Let 

(3.1) Mgf{x)-.= sup —^I \f{y)\dpi{yi) x ■■■ x dpkiyk), 

BiX-.-xBkBx I Pj\Bj) JBiX-.-xBif 

where y = {yi,..., yk) and the supremum is taken over all products Hi x • ■ ■ x of balls 
Bj C Xj, Bj 3 Xj, for j G {1,..., k}. 

Next, for each choice of tj E {l,...,Tj}, for j E {l,...,/c}, let f denote the 

associated dyadic strong maximal function, dehned by 

M(l'-'*'^f{x) := sup —^— / \f{y)\ dpiiyi) x • • • x dpk{yk), 

QiX-'-xQfi.'Bx — \ ^ j ) 

restricting the supremum in formula (3.1) to dyadic rectangles QiX ■ ■ ■ x Qk E S*' x • • • x S*'’ 
that contain x. 

Proof of Theorem 3.1. (i) Fix x E X. Fix f G {1,..., T} and suppose Q 3 x, Q E S*. Then 
Q = some k and a, and by condition (2.5), there is a ball B = H(a:^,Ci(5^) that 

contains Q. Since p is doubling, we see that 
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where C* = and Ci,ci are the constants in (2.5), see Proposition 3.4(i). It 

follows that Mj/(a;) < Mf{x). 

For the second inequality, fix xq G X and a ball B{x,r) 3 Xq. By (2.14) there exist 
t G {1,...,T} and Q G such that B{x,r) C Q C B{x,Cr). Since /i is doubling, 
fi{B{x,Cr)) < /i(5(x,r)) < /i(Q). It follows that Mf{x) < ELiMJ/(x). 

(ii) Fix X E X, and fix {ti,... ,tk) G {l,...,Ti} x x {l,...,Tfc}. Then suppose 
Qi X ■ ■ ■ X Qk 3 X, Qi X ■ ■ ■ X Qk E 3)^^ x ■ ■ ■ x 3^^. Iteration of the argument in (i), using 
in each factor the condition (2.5) and the assumption that each [ij is doubling, establishes 
the first inequality. 

Similarly, iteration of the argument for the second inequality in (i), using in each factor 
the condition (2.14) and the assumption that /ij is doubling, establishes that Msf{x) < 


3.2. Doubling, Ap, and RHp weights. Like in the previous section, for each j E {1,k} 
let {Xj,pj,^j) be a space of homogeneous type, with an associated collection of adjacent 
systems of dyadic cubes { 3 ^^ : tj = 1,... ,Tj}. Let X := Xi x ■ ■ ■ x Xk with the product 
quasi-metric pi x ■ ■ ■ x pk and the product measure pi x ■ ■ ■ x pk- 

By a weight on {X,p,p), a space of homogeneous type, we mean a nonnegative locally 
integrable function u : X -3 [0,cxo]. We begin with the main result of this subsection; 
definitions of doubling weights, Ap weights and RHp weights are discussed below. 

Theorem 3.2. Fix k E N. For each j G {1,2,..., k}, let {Xj, pj, pj) be a space of homo¬ 
geneous type, and as in Theorem 2.7, let { 3 ^^ : tj = 1,... ,Tj} be a collection of adjacent 
systems of dyadic cubes for Xj. Then the following assertions hold. 

(a) A weight u{xi, ..., Xk) is a product doubling weight if and only ifu is dyadic doubling 
with respect to each of the T 1 T 2 ■ ■ - Tk product dyadic systems 3 ^^ x ■ ■ ■ x 3 ^^ , where 
tj runs over {1,... ,Tj} for each j E {1, 2,..., fc}, with comparable constants. 

(b) For each p with 1 < p < 00 , k-parameter Ap{Xi x • • • x Xk) is the intersection of 
T 1 T 2 ■ ■ - Tk k-parameter dyadic Ap spaces, as follows: 

Ti Ta Tfc 

MX, X ... X XJ = fl f| ... f| Alf .“(X, X ... X Xt), 

ti=lt2 = l tk = l 

with comparable constants. 

(c) For each p with 1 < p < 00 , k-parameter RHp{Xi x ■ ■ ■ x Xk) is the intersection of 
T 1 T 2 ■ ■ - Tk k-parameter dyadic RHp spaces, as follows: 

Ti Ta Tk 

RHp{X, X • • • X X,) = f| f| ■ ■ ■ f| RHl];^^-^^{X, X • ■ • X X^), 

ti=lt2 = l tk = l 

with comparable constants. 

The constant Ap{u) depends only on the constants Af^'^'^’"'’^^{uj) for 1 <tj < Tj, 1 < j < /c, 
and vice versa, and similarly for the other classes. 

We note that one difference from the Euclidean setting is that on X or X, it is not 
immediate that a continuous function space is a subset of its dyadic counterpart, since in 
general the dyadic cubes are not balls. We address this question in the proof of Theorem 3.2, 
below. 

We begin with some definitions and observations. For brevity, we include only the one- 
parameter versions on X. The product definitions on X follow the pattern described, for 
the Euclidean case, in [LPW, Section 7.2]. In particular the product Ap weights are those 
which are uniformly Ap in each variable separately, and so on. 
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Definition 3.3. (i) A weight a; on a homogeneous space {X,p,fi) is doubling if there is 

a constant Cdbi such that for all a; G X and all r > 0, 

0 < u{B{x, 2r)) < C'dbi<^(-B(a:, r)) < cx). 

As usual, U){E) := u dp for E G X. 

(ii) A weight cn on a homogeneous space (X, p, p) equipped with a system ^ of dyadic 
cubes is dyadic doubling if there is a constant Cdydbi such that for every dyadic cube 
Q ^ S) and for each child Q' of Q, 

0 < a;(Q) < CAydh\ oj{Q') < oo. 

Proposition 3.4. (i) Let {X,p,p) be a space of homogeneous type. Then for all x G X, 

r > 0, and X > 0, we have 

(3.1) KB{x,Xr)) < (Cdbi)'+'°®^V(i^(^x)). 

(ii) The condition in Definition 3.3 (ii) of dyadic doubling weights, above, is eguivalent 
to the following condition: there is a constant C such that for each cube Q E for 
all children (subcubes) Q' and Q" of Q, 

(3.2) < uj{Q') < Cu;{Q"). 

Proof. The proofs are elementary; (ii) is an immediate consequence of the fact that each 

cube Q in ^ is the disjoint union of its children (condition (2.4)). □ 


We note that in the Euclidean setting, the theory of product weights was developed by 
K.-C. Lin in his thesis [Lin], and the dyadic theory was developed in Buckley’s paper [Bucj. 
The definitions of Ap and RHp, and their dyadic versions, on X and X, are obtained by the 
natural modifications of the Euclidean definitions, which are summarised in, for example, 
[PWX] for Ap, 1 < p < oo, and REfp, 1 < p < oo, and in [LPW] for RHi. For brevity, we 
omit the definitions for Ap and and include only those for the reverse-Holder classes 

RHp and RH^ ^. 


Definition 3.5. Let bj{x) be a nonnegative locally integrable function on {X,p,p). For p 
with 1 < p < oo, we say cu is a reverse-Holder-p weight, written cu G RHp, if 

RHp{u) := sup 

For p = 1, we say cu is a reverse-Holder-1 weight, written cu G RHi or cu G Bi, if 



RHi{u)) := sup 

B 


f 


u , u 

I \ r — 7— 

Jb Jb^ 


< oo. 


For p = oo, we say cu is a reverse-Holder-infinity weight, written u G RHoo or cu G i?oo, if 

-1 


RHooioj) := sup ( ess supcn 


B 


x&B 


u 


B 


< oo. 


Here the suprema are taken over all quasi-metric balls B G X, and ^ denotes dp. 

The quantity RHp{u) is called the RHp constant of u. 

For p with 1 < p < cxo, and t G {1,2,...,T}, we say cu is a dyadic reverse-Holder-p weight 
related to the dyadic system D^, written u G RH^^, if 

(i) the analogous condition RHp^{uj) < oo holds with the supremum being taken over 
only the dyadic cubes Q G D^, and 

(ii) in addition cn is a dyadic doubling weight. 

We define the RH^ ^ constant RH^ ^(u) of cj to be the larger of this dyadic supremum and 
the dyadic doubling constant. 
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Note that the Ap inequality (or the RHp inequality) implies that the weight uj is doubling, 
and the dyadic Ap inequality implies that uj is dyadic doubling. However, the dyadic RHp 
inequality does not imply that uj is dyadic doubling, which is why the dyadic doubling 
assumption is needed in the dehnition of RH^ 

It is shown in [AHT] that the self-improving property of reverse-Holder weights does 
not hold on some spaces of homogeneous type, but does hold on doubling metric measure 
spaces with some additional geometric properties such as the a-annular decay property; see 
also [Maa]. Our work here does not involve the self-improving property. 

Proof of Theorem 3.2. The multiparameter case follows from the one-parameter case by a 
straightforward iteration argument, as in the Euclidean setting (see [LPW, Theorem 7.3]). 

The one-parameter proof that each continuous function class contains the intersection of its 
dyadic counterparts follows that of Theorem 7.1 in [LPW], replacing Lebesgue measure by p, 
and replacing the two dyadic grids related through translation by a collection of adjacent 
systems of dyadic grids. We give the details for the cases of doubling weights and RHp 
weights (parts (a) and (c)), and omit them for Ap weights (part (b)). 

(a) We show that doubling weights uj on X are dyadic doubling with respect to each of 
the systems of dyadic cubes, t = 1,... ,T, given by Theorem 2.7; these systems have 
parameters 5, Ci = 1/(12 Hq), Ci = AA^ and C = 8Hq/( 5^. Let ca be a doubling weight 
on X. Fix t e {1, • • • ,T}. Fix a dyadic cube G and a child of Q^. Then 
B{Qa) ■= C 2HoCi(5^), since for x G 

p(a;,a;J+^) < Ao[p{x,x^J + < 2AoCi6’^. 

By Proposition 3.4 (i), it follows that 

u{Q^J <u{B{xlC,6’^)) <u{B{x’^+\2AoC,6’^)) 

= a;(H(4+\2HoCi/(cp5)cp5'=+i)) 

< (Cdbl)^+'°S2[2AoCi/(ci5)] 

Therefore uj is dyadic doubling, with constant with respect to each 

system for t = 1,... ,T. 

For the other inclusion, let a; be a weight that is dyadic doubling with constant Cdydbi 
with respect to each for t = 1,... ,T. Fix x & X and r > 0. Pick fc G Z such that 
^k+3 < 2r < (5^+^. By property (2.14) applied to B{x,2r), there is some t G {1,... ,T} and 
some Q = G of generation k such that 

(3.3) H(x, 2r) C g = C B{x, 2Cr). 

We claim there is an integer N independent of Q and t such that there is a descendant 
Q' = of g at most N generations below g, with Q' G Q, Q' G and Q' C B{x,r). If 
so, then 

uj{B{x,r)) < uj{Q) 

— ^i^dbl a;(gO 

— C'.^dbl u:{Bix,r)), 

and so cu is a doubling weight. 

It remains to establish the claim. First, choose £ G Z such that 

( 5 ^ < {QAl)-^r < 

Second, by the choice of the center points for the adjacent systems of dyadic cubes as in 
Theorem 2.7, there is a /3 such that p{x,x^^) < 2 Aq6^. It follows that Q' := g^ C B{x,r). 
For given y G g^, we have 

p{y,x) < Ho[p(i/,a;J)+p(a;J,a;)] 

< + 2Ho5'] 
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< QAl5^ 

< r, 


so y E B{x,r). Hence C B{x,r). 
Now we have 



2rj6^ 

(5r/(8H3) 


16^3 

~6^ 


It follows that 


-k< 


log[16HQ/5‘^ 


< oo. 


log [1/(5] 

Thus it suffices to choose N := [log[16HQ/5^])/(log[l/(5])]. 

We note that with the parameter choices (as in Theorem 2.7) of Ci = l/(12Hg), Ci = 4Hq, 
C = 8Hq/( 5^, and choosing 6 = 1/(96Hq) at the upper end of the range in Theorem 2.7, we 
hnd that IQAq/5'^ = 16 • 96'^Hq^ S> 1 while 1/5 = 96Hq. Thus with these parameter choices 


we have 1 < iV < cx). 

We also note that the parameter choices in Theorem 2.7 are consistent with those in 
Theorem 2.1. This completes the proof of part (a). 

(b) The proof for Ap weights is similar to part (c) below, and we omit the details. 

(c) Now we turn to the reverse-Holder weights. It suffices to prove the one-parameter case. 
Suppose 1 < p < oo. We show hrst that RHp C ^ for each t E {1, 2,..., T}. Fix such 
a t and hx cn G RHp. Consider the quantity 


(3,4) 


V := 






where Q is any hxed dyadic cube in "D*. For that dyadic cube Q, we denote by Bc^ and Bq^ 
the two balls from property (2.5). 

Then, since Q C Bc^, we have that 


V 




MQ) ^ 
^(Q) ~ 




iIp 

KBc,) 

u{Q) 


Next, since Bc^ C Q, we have y{Q) > yu(i?ci) > Cfi{Bcj^), where the last inequality follows 
from the doubling property of /i, and the constant C = (C*^ ) . Similarly, we have 

u:{Q) > u:{Bc.^) > Cu:{Bc^), where the last inequality follows from the doubling property 
of a;, and the constant C = j ^^ Hence 


V < 


1 

CpC 


\^/i(i?Ci) 



1/p 

KBc.) 

^(Bci) 


1 

— ^ ~ sup 
CpC ^ 



RHp{uj) 

CvC 


which implies that cu G RH^ 

Next we prove that BH^ ^ C RHp. Suppose to E nLi BHp ^. Then for each hxed 
quasi-metric ball B{x,r) C X, by property (2.14), there exist an integer k with 5^~^^ <r < 
5^^^, a number t E {1,..., T}, and a cube Q G of generation k and with center point 
such that p(x, x^) < 2Aq5^ and B{x,r) <E Q <Z B{x, Cr). Here each is a system of dyadic 
cubes with parameters 5 E (0,1) and 0 < Ci < Ci < oo. Hence, writing B ;= B{x,r), we 
have 





''-Mm 

MB) 


< 




MQ) 

MB)' 
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Also, from the doubling property of p, we have /i(-B) > Cfi{B{x,Cr)) > Cfi{Q), where 

c = Similarly, uj{B) > ^u{B{x,Cr)) > du{Q), where U 

As a consequence, we get 






uj{Q) 


C^C 


which implies that u G RHp. 

Similar arguments apply to the cases p = 1 and p = oo. 


□ 


4. Explicit construction of Haar functions, and completeness 

This section is devoted to our construction of a Haar basis {h^: Q G ^,u = 
for LP{X,fi), 1 < p < oo, associated to the dyadic cubes Q E with the properties listed 
in Theorems 4.1 and 4.2 below. Here Mq := Ch(Q) = G &k+i'- R^Q} denotes the 
number of dyadic sub-cubes (“children”) the cube Q E S'k has. 


Theorem 4.1. Let {X,p) be a geometrieally doubling guasi-metric spaee and suppose p is 
a positive Borel measure on X with the property that p{B) < 00 for all balls B <E X. For 
1 < p < 00 , for eaeh f G Lp{X, p), we have 

Mq-1 

fix) =mxif) + J2 A. 

QG® u=l 


where the sum eonverges (uneonditionally) both in the L^iX, p)-norm and pointwise p-almost 
everywhere, and 


I ifpiX)<oo, 

1 0, if^iX) = 00 . 


The following theorem collects several basic properties of the functions h^. 

Theorem 4.2. The Haar funetions h^, Q E , u = — 1, have the following 

properties: 

(i) h^ is a simple Borel-measurable real funetion on X; 

(ii ) is supported on Q; 

(hi ) h'i is eonstant on eaeh R E Ch(Q); 

(iv) J h^ dp = 0 (eaneellation); 

(v) (h(5, h^,) =0 foruy^ u', u, u' E {I, ..., Mq - 1}; 

(vi) the eolleetion 

U {AO : « = 1,..., Mo - 1} 

is an orthogonal basis for the veetor spaee V (Q) of all functions on Q that are eonstant 
on eaeh sub-eube R E Ch(Q); 

(vii) if h^ ^ 0 then 

Wh^hpix,!,) ^ TiQu)A^ forl<p<oo; 

and 

(viii) \\h^\\LHx,k.) ' ^ 1- 


In the remainder of this section, we develop the Haar functions and their properties and 
establish Theorems 4.1 and 4.2. The section is organized as follows: Section 4.1 describes 
our assumptions on the underlying space {X,p) and measure p, Section 4.2 presents the 
dyadic a-algebras and conditional expectations we use. Section 4.3 provides our indexing 
of the sub-cubes of a given dyadic cube, and Section 4.4 develops the martingale difference 
decomposition that leads to our explicit definition of the Haar functions. In Section 4.4 
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we also deal with the situation when a dyadic cube has only one child, and sum up our 
Haar function definitions and results in Theorems 4.8 and 4.9, which complete the proof of 
Theorems 4.1 and 4.2. 


4.1. Set-up. The set-up for Section 4 is a geometrically doubling quasi-metric space {X,p) 
equipped with a positive Borel measure /i. We assume that the cx-algebra of measurable sets 
^ contains all balls BOX with fi{B) < oo. This implies that jj, is a-finite, in other words, 
the sub-collection 

:= {F e .F: p(F) < oo} 

contains a countable cover: there is a collection of at most countably many sets Fi, F 2 ,... 
in such that 

OO 

i=l 

The space {X, p, p) is called a geometrically doubling guasi-metric measure space. 

We emphasize that in this section (Section 4) we do not assume that the measure p is 
doubling. That assumption is only needed in Sections 5 and 6 below. 


4.2. Dyadic a-algebras and conditional expectations. Let S' = be a fixed 

system of dyadic cubes with the additional distinguished center point property (2.13). Let 
'■= <T(^fc) be the (dyadic) a-algebra generated by the countable partition ^k- It is an 
easy exercise to check that 

[ael 



the collection of all unions. 


Lemma 4.3 (Properties of the filtration {^k))- The family {^k) of a-algebras is a filtration, 
that is, C C ^ for all i < j ■ Each {X, JXk, p) is a-finite and 

Proof. The hrst assertion is clear since every dyadic cube is a finite union of smaller dyadic 
cubes. The collection S^k ^ forms a countable cover, and the second assertion follows 
immediately from the assumption p{B) < 00 imposed on balls. Recall that dyadic cubes 
are Borel sets. Thus, ^ ^ and consequently, a{Uk£z<^k) ^ Then suppose that 

n G We may assume that fl is an open set. For each x G fl, there is Q = & S' 

such that X & Q F Q. Consequently, fl is a (countable) union of dyadic cubes, and hence, 
G aiUk^^^k). □ 


The proof for the following martingale convergence theorem can be found, for example, in 
the lecture notes [Hyt]. 

Theorem 4.4 (Martingale convergence). Let {X,p,p) be a geometrically doubling guasi- 
metric measure space. Suppose that {^k)kez is any filtration such that the spaces {X,^k,p) 
are a-finite and 


a 


U^k) =^. 

\kei, / 


Then for every f G L^{^, p),l < p < 00 , there holds 

E[/|^fc] f as k ^ 00 . 

The convergence takes place both in the IP^X, p)-norm and pointwise p-a.e. 
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We consider the filtration generated by the dyadic cnbes, the associated condi¬ 

tional expectation operators, and the corresponding martingale differences. For fc G Z and 
Q E ^k, the conditional expectation and its local version are defined for / G LUX, by 

Et/ := V'lfUk] and Eq/ := IqEi/, 

and they admit the explicit representation 



If fi{Q) = 0 for some cube, then the corresponding term in the above series is taken to be 0. 
We use the shorthand notation 



for the integral average of / on Q. With this notation, Eq/ = 1q(/)q. 

The martingale difference operators and their local versions are defined by 

Dfc/ := Efc+i/ — Efc/, Dq/ := IgD^/. 

By martingale convergence, for each m G Z, 

(4.5) + 

k>m k>mQ£&i, 

4.3. The indexing of the sub-cubes. Recall that a classical L^-normalized Haar function 
hq in M”, associated to a standard Euclidean dyadic cube Q, satisfies the size conditions 
WhgWu = and ||hQ|| = IQI In the present context, for the cancellative Haar 

functions there is no upper bound for the norm ||h^||L°° in terms of the measure 
However, this will be compensated for by the smallness of the norm ||h^||Li, in the sense 
that the following estimate still holds: 

l|ft«IU.||A?l|L»<l. 

(This type of estimate is established in [LSMP] for Haar functions on M.) To obtain this 
control, we introduce the following ordering of the sub-cubes of Q. 

Let the index sets .^4, indexing the cubes of generation fc, be initial intervals (finite 
or infinite) in N. Recall from (2.4) that for Q E S>k, the cardinality of the set of dyadic 
sub-cubes Ch(Q) := {R E ^k+i- R C Q} is bounded by 

# Ch(g) =: Mq G [1, M]; M = M(Ho, di, <5) < cx). 

The number Mq depends, of course, on Q but we may omit this dependence in the notation 
whenever it is clear from the context. For the usual dyadic cubes in the Euclidean space 
we have Mq = 2”^ for every Q. We order the sub-cubes from the “smallest” to the “largest”. 
More precisely, we have the following result. 

Lemma 4.5. Given Q E there is an indexing of the sub-cubes Qj G Ch(g) such that 

Mq 

(4.6) j;f,(Qj)>|l-(t.-l)My]MQ) 

j=u 

for every u = 1, 2, . .., Mq. 

Proof. The case u = 1 is clear for any ordering of the sub-cubes. For u > 1, fix some indexing. 
If Mq = 1, we are done. Otherwise, we proceed as follows. Suppose we have an indexing 
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of the sub-cubes Qi, • • •, Qm, m > 1, such that (4.6) holds for all u = 1,... ,m < Mq. In 
particular, 


Mr 


[1 - (m - 1 )Mq V(<5) < 


Mq-ui 


j=m 


Mq Mq 


j=m t=m 


< 


Mq 

"" ~ ^ max \ Qj) 

£=m 


IQ — Ui je{m,...,MQ} 

Thus, we may choose n G {m ,..., Mq} such that 


/^(( U \ ^ • [1 - (pi - 1)Mq V(<5) = (1 - mMQ^)p(Q). 

We reorder the cubes Qj with j > m by setting m = n, obtaining an indexing such that 
inequality (4.6) holds for all u = 1, ..., m -|- 1. If Mq > m + 1, we proceed as before. The 
claim follows. □ 


We observe that one way to obtain an indexing satisfying inequality (4.6) of Lemma 4.5 
is to order the cubes so that fi{Qi) < /i(Q 2 ) < ■ • • < f^iQMcj), as a short calculation shows. 

From now on, let the indexing of the sub-cubes Qj of a given cube Q E ^ he one provided 
by Lemma 4.5. For each u G {1, ..., Mq}, set 

Mq 

(4.7) = E^{Q) := jj Q^. 

j=u 

Then, in particular, Ei = Q,Emq = Qmq, and E^ = Qu U E^+i where the union is disjoint. 


Lemma 4.6. For every u G {1,..., Mq — 1}, 


(4.8) 
and 

(4.9) 


< f.(E„) < i,(Q) 

M - ^i{EQ - 2 


where M is the uniform bound for the maximal number of sub-cubes. In particular, fi{EQ ~ 
/i(Q) and fi{Eu+i)/fi^EQ — 1 for all u. 


Proof. The first estimate in (4.8) follows directly from Lemma 4.6, and the second estimate 
is immediate. For (4.9), by Lemma 4.6, 


11^ Mq — U [1 ]h'{Q) / 


Mq 

< I 5^/i(Qj 

J = U 


-1 


p(Q) < 


j=u+l 

Mq 


h'i.Eu+i) 

h'i.Eu) 


^ Mq ^ M 

[1 - (n - 1 )Mq 1] “ Mq - (n - 1) - “ - T' 


□ 


4.4. Martingale difference decomposition. We will decompose the operators and D^. 
by representing the projections Eq and Dq in terms of Haar functions as 

Mq-I 

Eq/ = (/. Dq/ = E T. h2)h2. 

U=1 


(4,10) 
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Here := fi{Q) is a non-cancellative Haar function and {h^'■ u = - 1} 

are cancellative ones. To this end, given Q G &ki let fhe indexing of the sub-cubes {Qj: j = 
1,..., Mq} be the one provided by Lemma 4.5. Generalize the notation Eg by denoting 

1a " 


Ea/ := 


/i(H) 


f dll 


for any measurable set A with ii{A) > 0. With this notation we obtain the splitting of the 
martingale difference Dg as 

M M-1 

Dg = (Efc+i - Efc)lg = ^Eg„ - Eg = ^ Eg^ (Eg^^^ - Eg) 

U=1 U=1 

M-1 M-1 M-1 M-1 

= X] Eg„ -f ^ - Ee^) = ^ (Eg„ - Eij^) =: ^ D®; 

U = 1 U=1 U=1 U=1 

here Eu is the set defined in (4.7) with Ei = Q and Em = Qm- 

Take a closer look at the operator D®. If fi{Qu) = 0, then D^/ = 0, and we dehne 
the corresponding Haar function to be = 0. For fi{Qu) > 0, we write (recall that 
Eu = Qu U Eu+i with a disjoint union) 

= (Eq„ + Ee„^j - Ee„)/ 


1 


Qv 


l^iQu) J 

^Qu f 


l^iQu) JQ^ 

l^i,Eu-\-i) fii^Q -b 

l^i^Eu) 

_ Iqu 

i^iQu) J 

li(^Eu^i) fii^Qb 

KEu) 


fdfi + 
fdfi + 


lu. 


ti + 1 


KEu+i) Je, 

lUn + l 

KEu+i) Je., 
lQ^. / 


idfi - 

.„+i ^^{Eu 


fdii 


fdfi 


E; 

^Qu + Is. 


'u+1 


'n+1 


Qv 




fdfi + 


KEu) 

lu„ 


fdfi + 


fdii 


Qti 


^u+l 


I'U + l 






h 


l^{Eu+i) 

^Qu 


fdfi 


h'(E'n-i-i) J /i(F/^_|_i) 

f 


fdfi 


h'(-E'ii+i) J lii^Qb 


-fdii 




l^i,Qu) l^i,Eu-\-l) J J \l^i,Qu) l^i,Eu-\-l) 


^Qu 


lu, 


u+l 


fdfi 


=: h^fdii={f,hQ)hQ, 


where 

(4.11) 


h9 := a„,l 


ulQii 


bul 


u^Eu+i'i 


dll, . — 




; bu • 




ii{Euy/^ii{Eu+iy/^' 


Remark 4.7. We note that it may happen that a given cube Q has only one child R, so 
that R = Q as sets. In this case the formula (4.11) is not meaningful but also not relevant, 
as we do not need to add a cancellative Haar function corresponding to an “only child” R. 
We examine this situation more closely. A cube can be its own only child for finitely many 
generations, or even forever. In the first case, it means there will not be cancellative Haar 
functions associated to the cube until it truly subdivides. In the second case, it turns out 
that the cube Q must be a single point, and the point must be an isolated point. In a 
geometrically doubling metric space there are at most countably many isolated points, and 
the only ones that contribute something are the ones that have positive (finite) measure 
(that is, point-masses). 

Given a cube that is a point-mass, there are two scenarios: either the cube is its own 
parent forever, or else the cube is a proper child of its parent. In the first case, X is a point 
mass with finite measure, and in that case we need to include the function lx/li{Xy^'^ to 
get a basis; in fact that is the only element in the basis (it is an orthonormal basis, although 
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the orthogonality holds by default because there are no pairs to be checked). In the second 
case, we don’t need to add any functions to the basis. In fact, one may then wonder whether 
the characteristic function of the point-mass set can be represented with the Haar functions 
we already have. The answer is yes: we can always represent the characteristic function of 
any given cube using the Haar functions associated to ancestors of the given cube, much as 
on M one can represent the function l[o,i) in terms of the Haar functions corresponding to 
the intervals [0,2") for n > 1; see Project 9.7 in [PerW]. For all this and more, see [Wei]. 

Theorem 4.8. Let {X,p) be a geometrically doubling guasi-metric space and suppose p is a 
positive Borel measure on X with the property that p{B) < oo for all balls B X. For each 
Q ^ Qt, let 

A? := l^(Q)-^'hQ 

and for u = 1, 2, . .., Mq — 1 let 

^g.^fo, ifp{Qu)=0; 

ifl^iQu) > 0, 

where 

The Haar functions h^, Q G u = 0, 1, . .., Mq — 1, have the following properties: 

(i) each h^ is a simple Borel-measurable real function on X; 

(ii) each h^ is supported on Q; 

(hi) each h^ is constant on each R G Ch(Q); 

(iv) f h^ dfi = 0 for u = 1, 2, ..., Mq — 1 (cancellation); 

(v) = 0 if u^u', u, m' e {0,1,.. .,Mq - 1}; 

(vi) the collection 

{h® :m = 0, 

is an orthogonal basis for the vector space V {Q) of all functions on Q that are constant 
on each sub-cube R G Ch((5); 

(vii) for u = 1, 2, ..., Mq — 1, if h^ ^ 0 then 

\\h^\\Lp{x,t,) ^ forl<p<oo] 

and 

(viii) for u = 0, 1, ..., Mq — 1, we have 

\\hu\\LHx,^i) ■ \\h^\\L^{x,^,) - 1- 

Note that Theorem 4.8 completes the proof of Theorem 4.2. 

Proof of Theorem f.8. Properties (i)-(v) are clear from the definition of the Haar functions. 
For property (vi), observe that Q has Mq children, and V{Q) is a finite-dimensional vector 

space with dimension dim(l/((5)) = Mq. The functions ^ orthogonal, and there 

are Mq of them, so they span V{Q). 

Property (vii); Take h^ with m G {1, 2,..., Mq — 1}. For 1 < p < oo, we have 



fKE.+i)y'" piQu) . , 

'-V-' '-v-^ 

(I) (II) 
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By Lemma 4.6, 
and 


(l) ~ 




Since also (II) > 0, it follows that 


/iW.)'-’’''" < (I) < (I) + (ii) = l|/!®ll! 


< 




l-p/2 


and so 

||h^llLP(A,/.) ^ 

as reqnired. 

Now suppose p = oo. Note that by Lemma 4.6, ~ and 

p(K) ■ KQ) - f^iQu) ’ 


as 0 < p{Qu) < h(Q)- Therefore, for all x we have 

\h^{.x)\ < aulgYx) + &«lu„+i(a:) < p{Qu)~^^^- 

It follows that \\h^\\L°°{x,tJ.) Y, Also, if h® ^ 0, then for x E Qu^Q have \h^{x)\ = 

du ^ while for x e we have |h^(x)| = Then ||h®> 

p{Qu)~^^‘^- Thus for h® ^ 0 we hnd that 


as required. 

As an aside, we note that although \h^{x)\ < for all x, the reverse inequality 

need not hold, since if the measure p is not doubling, for x G Eu+i the quantity |h^(x)| = 
bu ~ f^iQuY^"^/p{Q) may be arbitrarily small compared with p{Qu)~^^‘^- 

Property (viii): For n = 0, it is immediate from the dehnition that ||/i^||Li(A,fo||^o IU°°(A,fo = 
= i_ Por M G {1,..., Mq — 1}, by property (vii) we have 

as required. □ 


We collect the convergence results of this section in the following theorem. 


Theorem 4.9. Let {X,p) be a geometrically doubling guasi-metric space and suppose p is 
a positive Borel measure on X with the property that p{B) < oo for all balls BOX. For 
1 < p < oo, for each f G L^^X, p), and for each m G Z, we have 

Mq-I 

/(^) = (f^ho)ho{x) 

k>m Qe&k “=1 Q&&m 


where the first sum converges both in the Lp{X, p)-norm and pointwise p-a.e. For the second 
sum we have 


Qe&m 


0, as m ^ —oo if p{X) = oo; 

as m ^-oo if p{X) < oo. 


As a conseguence, 


Mq-1 

f{x) =mxif) + Y Y ^n)hui.x). 

Qe^ u=i 


Note that Theorem 4.9 completes the proof of Theorem 4.1. 
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Proof of Theorem 4-9. The first equality follows directly from (4.5) and (4.10). For the 
second sum, fix a; G X and recall that there exists a unique Q = Q™ G such that x E Q. 
Thus, 

5 ; (/, = (/, hDhno = ^ [ fd^. 


Q&S, 

If /r(X) = cx), then 




(x) 


/i(Q-) 


fdfi 


'Q” 


||/||LP(/i) 

< M / -)■ 0 as m —)■ —00 

- fiiQ^y/P 


by Lemma 2.5. For the case fi{X) < 00, the asserted convergence is clear. 


□ 


5. Definitions and duality of dyadic H ^ iX ) and dyadic BMOd(X) 

We begin this section by recalling the definitions of continuous product H ^{ X ) and 
BMO(X) developed in [HLW]. Here the underlying space X = Xi x • • • x X^ is a product 
space of homogeneous type. Then we introduce the definitions of the dyadic product Hardy 
and BMO spaces, H \ yX ) and BMOrf^rf(X), associated to a system of dyadic cubes on X. 
(For simplicity of notation, we work in the setting of two parameters, but everything goes 
through to the n-parameter setting, including the material we quote from [HLW, HLPW].) 
These dyadic spaces are defined by means of the Haar functions constructed in Section 4 
above. We note that Tao used the same approach to define dyadic product and BMO on 
Euclidean underlying spaces, in the note [Tao]. Finally, we prove the duality relation 

(//L(v))' = bmo,,,(x). 

Here our approach is to prove the duality of the product sequence spaces si and ci which are 
models for H \ yX ) and BMOrf^rf(X), and to pull this result across by means of the lifting 
and projection operators and Tp. 

We recall from [HLW] the definitions of the Hardy space H ^{ X ) and the bounded mean 
oscillation space BMO(X). These definitions rely on the ortho normal basis and the wavelet 
expansion in L^(X) which were recently constructed by Auscher and Hytonen [AH]. To state 
their result, we must first recall the set {x^} of reference dyadic points as follows. Let <5 be a 
fixed small positive parameter (for example, as noted in Section 2.2 of [AH], it suffices to take 
6 < For k = 0, let := {x^}a be a maximal collection of 1-separated points 

in X. Inductively, for k G let := D and := C be 

5^- and (5“^-separated collections in and respectively. 

Lemma 2.1 in [AH] shows that, for all fc G Z and x G X, the reference dyadic points satisfy 

(5.1) p(x^,x^) > (5^ (a 7 ^/3), p(x, ,C^) = min p(x, x^) < 2Ao(5^. 

Also, taking cq := 1, Cq := 2Aq and 5 < we see that Cq, Cq ^-^d 5 satisfy 

the conditions in Theorem 2.2 of [HK]. Therefore we may apply Hytonen and Kairema’s 
construction (Theorem 2.2, [HK]), with the reference dyadic points playing 

the role of the points 1 ^*^ conclude that there exists a set of half-open dyadic 

cubes 

associated with the reference dyadic points {x^j^ggag^fc. We call the reference dyadic 
point Xq the center of the dyadic cube Q'^. We also identify with the set of indices a 
corresponding to x^ G 

Note that C for fc G Z, so that every x^ is also a point of the form x^"*"^. We 

denote := and relabel the points {x^}o that belong to as {Vaja- 

We now recall the orthonormal wavelet basis of Lf { X ) constructed by Auscher and Hyto¬ 


nen. 
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Theorem 5.1 ([AH] Theorem 7.1). Let {X,p,fi) be a space of homogeneous type with quasi¬ 
triangle constant Aq, and let 

(5.2) a:= (1 + 2 log 2 Ao)"'. 


There exists an orthonormal wavelet basis {ipa}, /c G Z, G '3^^, of L‘^{X), having expo¬ 
nential decay 


(5.3) 




c 




exp 


Kt)“)- 


Holder regularity 

(5.4) - f^aiy)\ < 


C fp{x,y)Y 


piVa^X 


for p{x,y) < 6^, and the cancellation property 


(5.5) f dp{x) = 0, for k E Z, y’f^E 3/^. 

Jx 

Here 5 is a fixed small parameter, say 6 < 10“^Aq and C < oo, n > 0 and p G (0,1] are 
constants independent of k, a, x and y^. 


Moreover, the wavelet expansion is given by 

/(^) = (/’V'a)V’a(a;) = Afc/(x), 

in the sense of Lf{X), where 

a^<S/-k 

is the orthogonal projection onto the snbspace Wk spanned by {' 0 o}ae^'=- 

In what follows, we refer to the fnnctions as wavelets. Thronghont Sections 5 and 6 of 
this paper, a denotes the exponent from (5.2) and p denotes the Holder-regnlarity exponent 
from (5.4). 

We now consider the prodnct setting {Xi, pi, pi) x {X 2 , p 2 , P 2 ), where (Xi,pi,pi), i = 1,2, 
is a space of homogeneons type as defined in Section 1. For z = 1, 2, let Aq ^ be the constant in 
the qnasi-triangle ineqnality ( 1 . 1 ), and let be the donbling constant as in ineqnality ( 1 . 2 ). 
On each Xi, by Theorem 5.1, there is a wavelet basis with Holder exponent pi as in 

ineqnality (5.4). 

We refer the reader to [HLW], Definitions 3.9 and 3.10 and the snrronnding discnssion, for 

O O 

the definitions of the space G of prodnct test fnnctions and its dnal space (G)' of prodnct 

O O 

distribntions on the prodnct space Xi x X 2 . In [HLW], G is denoted by G(/3i,/ 92 ; 71 , 72 ) 

o o 

and (G)' is denoted by G(/Si,/ 92 ; 71 , 72 )^ where the /S* and 7 * are parameters that qnantify 
the size and smoothness of the test fnnctions, and /3j G (0, pi) where pi is the regnlarity 
exponent from Theorem 5.1. (In fact, in [HLW] the theory is developed for /?* G {0,pi], bnt 
for simplicity here we only use fdi G ( 0 ,? 7 j) since that is all we need.) We note that the one- 
parameter scaled Auscher-Hytonen wavelets '0^(a;)/y^7x(^®(^17^^ tost functions, and 
that their tensor products 'il)'f\{x)' 4 )^l{y)[pi{B{y^\, 6 ^^))p 2 {B{y'fl, 62 ^))) are product test 

O 

functions in G, for all fdi G {0,Pi] and all 7 ^ > 0, for z = 1, 2. These facts follow from the 
theory in [HLW], specifically Definition 3.1 and the discussion after it. Theorem 3.3, and 
Definitions 3.9 and 3.10 and the discussion between them. 
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As shown in Theorem 3.11 of [HLW], the reproducing formula 

(5.6) f(xi,X2) = 

ki ai k2 ct2 


o o 

holds in G for all /3j, 7 ^ G ( 0 , 7 i) for i = 1, 2, and hence by duality (5.6) also holds in (G)^ 
Next we define the product Hardy space H^. This is the special case p = 1 of the definition 
of in Definition 5.1 in [HLW]. 


Definition 5.2 ([HLW], Definition 5.1). The product Hardy space on X is defined as 

H\X) := {f e (GY ■■ S(f) e L'(X)}, 

where S{f) is the Littlewood-Paley gf-function related to the orthonormal basis introduced 
in [AH] as follows: 

(6,7) 


S'! 1/2 


S { f ){ Xi , X2 ) ■= |(^«i^S>/)Xq^i/^i)Xq^|(^2) 

ki,ai ^ 2,02 

and XqI^j.{x2) := (^2))U2(Q^2)”^'^^- 


Wo 


As noted in [HLPW], it follows from Definition 5.2 that H^{X) nL^(X) is dense in H^{X) 
with respect to the H^{X) norm ]|/]|hi := W^fWi^X)- 

We first give the definition of atoms for the product Hardy space. This definition is the 
special case with g = 2, p = 1 of Definition 4.7 in [HLPW]. 


Definition 5.3 ([HLPW], Definition 4.7). A function a(a;i,a; 2 ) defined on X is called an 
atom of H^{X) if a(a:i,X 2 ) satisfies the following properties (l)-(3): 

(1) supp a C D, where D is an open set of X with finite measure; 

( 2 ) \\a\\L 2 < /i(D)“^/^; and 

(3) a can be further decomposed into rectangle atoms or associated to dyadic rectangles 
R = Qi^ Q 2 , satisfying the following properties (i)-(iii): 

(i) supp Or C CR, where C is an absolute constant independent of a and R; 

(ii) U aR{xi,X 2 ) dpi{xi) = 0 for a.e. X 2 E X 2 and aR{xi,X 2 ) dii 2 {x 2 ) = 0 
for a.e. Xi G Xi] 

(hi) a = XI Or and X W^-nWi^ < /i(D)"^ 


The special case p = 1, g = 2 of the following result from [HLPW] shows that the atomic 
Hardy space defined in terms of the atoms from Definition 5.3 coincides with the dense subset 
H^{X) n L^(W) of H^{X). This atomic decomposition will be used in Section 6 . 

Theorem 5.4 ([HLPW], Theorem 4.8). Suppose that max , ui 2 +m ) < P — ^ < Q < 
Then f G L'^(Xi x X 2 ) fl H^{Xi x X 2 ) if and only if f has an atomic decomposition; that is, 

00 

(5.8) / = 


where Oi are {p,q) atoms, Xi series converges in both H^{Xi x X 2 ) and 

L‘^{Xi X X2). Moreover, 


1I/1|rp(AixX 2) ~ inf 


i/p 




where the infimum is taken over all decompositions as above and the implicit constants are 
independent of the L'^{Xi x X 2 ) and H^{Xi x X 2 ) norms of f. 
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We turn to the definition of the product BMO space. 

Definition 5.5 ([HLW], Definition 5.2). We define the product BMO space on X as 

BMO(X) ;={/e(G)':Ci(/)GL-}, 

with Ci{f) defined as follows: 

(5.9) Ci(/):=sup|^ |(V’S^S>/)r} ^ 

R=Qi\xQilcn 

where D runs over all open sets in X with finite measure, and R runs over all dyadic rectangles 
contained in D. 


We are now ready to define the dyadic versions of our function spaces. 

Definition 5.6. We define the dyadic product Hardy space on X as 

HUX) - {/ € L\Xi X X,) : S,M) e T(V)}. 

where Sd,d{f) is the Littlewood-Paley ^f-function related to the Haar orthonormal basis built 
in the previous sections, as follows: 

(5.10) ^d,d(/)(xi,X2) := I £ £ \{f,hl\hl\)xQ^{xi)xQ2{x2)\‘^} , 

QiG'Di Q2^T^2 ui=^ U2=1 


where XQi{xi) := XQi{xi)f^i{Qi) and XQ 2 (x 2 ) ■= XQ 2 i^ 2 )l^ 2 {Q 2 ) 
Definition 5.7. We define the dyadic product BMO space on X as 

BMO,,,(W) := {/ G LL : C,,,(/) G L°°}, 
with Cd^dif) defined as follows: 


(5.11) Cd,d{f) ■= sup 

n 


E 


/i(D) 

’ R=QixQ 2 eVixV 2 , 


Mqj-1 Mqj-I 

E E 


U2 ^ 


lil=l U 2 = l 


1/2 


where D runs over all open sets in X with finite measure, and R runs over all dyadic rectangles 
contained in D. 


Remark 5.8. We note that our definitions of H\^{X) and BMOd^d(X) can be rephrased 
in terms of martingales, as follows. However, in the rest of this paper we work with the 
definitions above in terms of Haar functions. 

For H\^{X)\ The dyadic square function Sd,d{f) used in Definition 5.6 can be replaced by 


( 6 , 12 ) 




fcljOl k 2 ,a 2 


1/2 


where D feiD fca {f){xi,X 2 ) means we first apply the orthogonal projection D kj to /(xi, •) 

Wq:2 Wq;2 

for a.e. xi, and then apply D to the resulting function of xi. 

The space 

Hld(X) := { / 6 i‘(V, X A'j) : Sd,d{f) 6 R{X)} 


coincides with H}JX), and moreover ||Sd,d/||ii(x,xXa) ~ l|Sd,d/||ii(.v,x.V 2 )i S'* |Tre, Sec- 
tion 3.2.3] and [FJj. The advantage of using the square function Sd^d is that only the absolute 
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value of the individual coefficients appears in the definition, and there is no further cancel¬ 
lation involved. Also notice that using the local martingale differences and expectations we 
can write Sd^ as follows: 


(5.13) 


5'd,d(/)(Xi,X2) 


ki,ai k 2 ,a 2 





1/2 


For BMOd,d(X): The quantity Cd,d{f) used in Definition 5.7 can be written as follows: 


(5.14) 

Cf’'^(/) = sup 


1 

/i(D) 


E 

RcO 


'XlXX 2 


Qc\ Q 


fe2 (/)(a:i,T2)fd/il(Ti)ci/i2(T2)| 


1/2 


where D runs over all open sets in X with finite measure, and R runs over all dyadic 
rectangles contained in D. This time we get equality because we are integrating the square 
of the local martingale differences (orthogonal projection onto the subspace generated by 
the Haar functions associated to the rectangle R = x and we can use Plancherel 
to replace the square of the L^-norm by the sum of the squares of the Haar coefficients. 

For each dyadic cube Q, the space 

W{Q) := span{/(a:): supp f G Q, fin is constant for each R G ch(Q), and / / = 0} 

of all functions supported on Q that are constant on each child of Q and have mean zero is a 

finite-dimensional vector space, with dimension dim(hF((5)) = Mq — 1. It is a subspace of the 

space V {Q) defined in the proof of Theorem 4.8 above. There are many possible bases of Haar 

functions for W{Q), in addition to the basis we chose above. However, it follows from the 

remarks in the three preceding paragraphs that the definitions of H^^{X) and BMOd,d(X) 

are independent of the Haar functions chosen on each finite-dimensional subspace W{Q^J, 

since in the definitions we are using the orthogonal projections D ^2 (/)• 

^062 


We now establish the duality = BMOrf^rf(X). Following the approach used 

in [HLL] for the continuous case, we do so by passing to the corresponding duality result for 
certain sequence spaces and c^, which are models for Hj^{X) and BMOd,d(W) respectively. 
These sequence spaces are part of the homogeneous Triebel-Lizorkin family of sequence 
spaces adapted to the product setting. In the notation used in [FJ] and [Tre], and 

c' = 

We begin with the definitions and properties of these sequence spaces. 

We define to be the sequence space consisting of the sequences s = ( 52 ,^ 2 } of 

complex numbers with 


(5.15) 


Mq^-1 Mq^-1 

E E E E I ,111 ,Q2 1^12 XQi (^i)XQ2 (^ 2 ) 

Ql&'Di Q2&X>2 Ui=l 112 = 1 


1/2 


< 00 . 

G{XixX 2 ) 


We define to be the sequence space consisting of the sequences t = {tQi,ui,Q 2 ,u 2 } of 
complex numbers with 


(5.16) llfllei 


sup 

n 



E 

R=Qi xQ2^Ri x'D2^ 


Mqi -1 Mq ^-1 

E E 


RcO iii = l ti2=l 


t 


Qi,U\,Q2,U2 



< 00 , 


where the supremum is taken over all open sets D in X with finite measure. 
The main result for these sequence spaces is their duality. 
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Theorem 5.9. The following duality result holds: (s^) = c^. 

Proof. First, we prove that for each t e c^, if 

Mq^-1 Mqj-I 

(5.17) L{s) = {s,t) := Y for ah s G 


QiGT^i Q2€X>2 Ui — 1 U2 — 1 


then 

(5.18) 


|L(i,)| < C||i,| 


To see this, define for each /c G Z the following snbsets Qk and Qk of x ^2 and the 
snbcollection Bk of certain rectangles in x B 2 '- 

■= S ixi,X 2 ) e XiX X 2 : { E E E E |'SQi,ui,(32,112XQi (^i)XQ2 (^ 2 ) I ^ ^ ^ U 

I QiGX*! (32GU2 ui = l U2 = l 

Bk := = Qi X Q 2 e Vi X V 2 : yi{Ptk r\R)> /i(flfc+i H /2) < 


and 


. 


,0(2) G Xi X X2 : Ms{xnk) ^ 2 ' ’ 


where Mg is the strong maximal fnnction on Xi x X 2 . 

Remark 5.10. First notice that since s G we have |r2fc| < cx). Second, each rectangle R 
belongs to exactly one set Bk- Third, note that |r2fc| < Clhlfcl because the strong maximal 
function is bounded on L‘^{X). Fourth, if i? G Rfc then R (Z Qk, therefore UR(zBf.R C Qk and 
Bk C {R : R G flfc}. Fifth, if i? G Rfc then fi{{Qk\^k+i) H i?) > fi{R)/2. 

By Holder’s inequality, the linear functional L{s) from (5.17) satisfies 

ATq^-I Mqj-I 


|r(i>)l < E 


E EE kci ,Ui^Q2^U2 

k ^xQ2€)Pi x)D2i R^Bf^ u\=\ i/,2=l 

Mqi- 1 Mq 2-1 . 1 


X 


E EE 

R=Qi'>cQ2^'Di'x'D2i R^Bf^ ui=l U2=l 

^Ql-1 ^Q 2 ~^ 


(5.19) 


< 




X 


E EE \sQi ,Ui,Q2,U2 

R=Q-ixQ2^T>ixT> 2, RGBf^ ui=l U2=l 

E EE I^Q 1,Ui,Q2,‘ 


/i(flfc) H=QiXQ2GUiX(D2, HGB/c «1 = 1 «2 = 1 

Mqj-1 MQ 2-1 


;,ii2 I 


< 




E EE kci ,1^1,^2,112 I 

R=QiXQ 2 €:'DiXT) 2 } RGB}^ Ui = l U 2 = l 


In the last inequality we have used the fact that Bk C {R : 72 C 12^}, as stated in Re¬ 
mark 5.10. 

Next we point out that from the definition of Hfc+i and Remark 5.10, we have 


Mqj -1 Mqj-I 


E EE kci ,111 ,Q2,112 I 

d^k\^k+i r=q^xQ2GVixV 2, ReBk ui=l U2=l 

< < C'22V(flfc). 


! XQi(a^l) XQ2 (x2 ) 

pliQl) T2{Q2) 


(i/xi(a;i)d/X2(a(2) 
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Moreover, by the Monotone Convergence Theorem and Remark 5.10, we have 

| 2 XQi(^i) XQ 2 (^ 2 ) 


Mqj -1 Mq ^-1 


E EE kci ,Wl ,Q2-,U2 I 

J^k\^k+1 r=q^xQ2GVixV 2, ReBk ui=l U2=l 

Mq^-1Mq2-1 

^ X] X] ^ kQi,ni,Q2,«2r 

xQ2€X>i xX>2, ui=l U2=l 

E EE |sqi ,Ui,Q2,U2 I 


hi(Qi) ^ 2(^2 

1 


dfii{xi)dfi 2 ix 2 ) 


hl(Ql) h2(Q2, 


h'(^fc\^A:+l C R) 


R=QiXQ2^'Di><-'D 2, Ui = l U2 = l 

As a consequence, we obtain that 

Mq-^-1 Mq^-1 

^ £ |sQi,«i,Q 2 ,n 2 r < C'2^V(^fc)- 

/2=Ql XQ2^^1 X^2i R€:B}~ Ul = l U2 = l 

Substituting this back into the last inequality of (5.19) yields that 

\L{s)\ < < C' 5 ^ 2 V(f 2 fc)||t|l,i < C'llsll.illtllei. 


Conversely, we need to verify that for any L G (s^) , there exists t G with ||t|lci < ||T|| 
such that for all s G L{s) = Y. SQi,ui,Q 2 ,u 2 tQi,ui,Q 2 ,u 2 - 

Qi,Ui,Q2,U2 

Now let sQi’«i,Q 2 ,m 2 ]Qg sequence that equals 0 everywhere except at the {Qi, Ui, Q 2 , U 2 ) 
entry where it equals 1. Then it is easy to see that || 5 Qi’-!ii,Q 2 ,« 2 ||^^ _ pgj. 5 ^ _gi^ -^^^g 
have s = Y 1 where the limit holds in the norm of s^. For each 

Ql,ltl,Q 2,«2 

L G (s^) , let tQi,ni,Q 2 ,ii 2 = L(sQi’«i, 02 ,« 2 ^^ Since L is a bounded linear functional on s^, we 
see that 

Ql,ni,Q 2 ,« 2 ^ ^ ^ SQ,^u,,Q2.u2tQ,,U,,Q2,U2- 

Q\,Ui^Q2tU2 


L(s) ~ ^ ^ ^Qi,ui,Q 2 ,u 2 ^ 

Qi,Ui,Q2,U2 


Let t = {tQi,ui,Q 2 ,« 2 }- Then we only need to check that ||t|lci < ||T||. 

For each hxed open set Q <Z Xi x X 2 with hnite measure, let /I be a new measure such 

that fl{R) = when i? C 11, and j2{R) = 0 when i? ^ 11. And let P{j2) be a sequence 

space such that when s G 


S £ |sQi,«i,Q 2 ,« 2 r^^] 

■ R=QixQ 2 &'DixV 2 , Ren ui=l U 2 =l 

It is easy to see that (/^(/!))' = Next, 

(5.20) 

Mr,. -1 Mr,.-\ 

1/2 

) 


1/2 


< 00. 


V/x(ll) 


Mq^-1 Mqj-I 


y] ^ \^qiw,q 2 ,u 2 \‘^) 

R=QixQ 2 G'DiX.'D 2 t RY^ ui=l U 2 =l 


{/i(i?) ^ ^Qi,« 1 ,Q 2 ,M 2 } 


Z 2 (A) 


= sup 
Iblli2(^)<i 


Mq ^-1 Mq^-I 

E EE Qi,U\,Q2,U2 ■ ^Qi,U\,Q2,U2 

xQ 2£^1 X'p 2 ) iiCSl 11.1 = 1 U 2 = l 


MR) 


Mil) 
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= sup 


L I ^ SQi,mi,Q2, 




p(r2) J ij=(3ixQ2€l7l><172, AcU,-!ii=l,...,MQj^_i,ti2=l,'",AfQ2-i 




^Qi,ui,Q2,U2 I 

J -R=QiXQ2GU1XU2, RcU,Mi=l,...,MQj_i,U 2 =l,---,AfQ 2 —1 


< sup ||L|| ■ 

By (5.15) and the Cauchy-Schwarz inequality, we have 


< 


^Qi,Ui,Q2,U2 /0\ I 

J R=QixQ2^T>iX'D2, RG^^ui = l,...^MQ^_i,U2=l,...tMQ^_i 

Y 1 S S kQi,«i,Q2,«2p-^] • 

■ R=QixQ 2 &'DixV 2 , Ren «1 = 1 «2=1 

Hence, we obtain that (5.20) is bounded by 

sup ||L|| • ||s||p(^) < ||L||, 
s: Iblli2(^)<l 

which implies that 

ll^llci < \\L\\. □ 

We now dehne (corresponding to / 2 ’" - to be the sequence space consisting of the 

sequences s = {sqi,ui,Q 2 ,u 2 } of complex numbers with 

(5.21) 


{ E E E E XQi (^i)XQ2 (^ 2 ) I ^ 

QlgDl Q2GT>2 -!il = l «2 = 1 

Then we have the following density argument. 


L2(XixX2) 


< 00 . 


Proposition 5.11. The sets^ds^ is dense in s^ in terms of the s^ norm. Moreover, c^Pls^ 
is dense in in terms of the weak type convergence as follows: for each t e c^, there exists 
{tn}n C n such that {s,tn) ^ (s, t) whcn n tends to 00 , for all s G s^, where {s,t) is 
the inner product defined as in (5.17). 


Proof. For each sequence s = {sqi,mi,( 32 , 112 } ^ we dehne a truncated sequence as follows: 


■ {^( 3 i,M 1 ,( 32,112 }’ ^Qi,M1,Q2,M2 • ®Qi,M1,(32,112XA„ (Ql) Q 2 )) 

where An = {{Qi,Q 2 ) ■ ki,k 2 G [-n,n],Qi G S'ki,Qi C B{x^,n),Q 2 G S'k 2 ,Q 2 C B{x^,n)} 
for each positive integer n, where Xi and x\ are arbitrary hxed points in Xi and X 2 , respec¬ 
tively. 

Then s„ is in with ||s„||si < ||s||si. We also have that s G with 


A:i,fc2G[—ii.,n],QlG®fc;^ ,QlC.B{x\,n),Q 2 &&k 2 ^Q' 2 .'^B{x^,n) 


< 00 . 


Moreover, it is easy to check that s„ tends to s in the sense of norm. As a consequence, 
we have that fl is dense in in terms of the norm. 


Now we turn to A. For each t = {t( 3 i,Mi,( 32 , 112 1 £ we dehne tn analogously to s„. Then, 
similarly, we have G fl with ||tn||ci E ||f||ci for each positive integer n. Moreover, 
since |(s,f„)| and |(s,t)| are both bounded by C||s||si||t||ci for all s G we have 


(^)fn) 


Mq^-1 Mqj-I 


E EE io.«.o=,« 

fcl,A:2G[—n,n],(3iG^i;j ,(3lCR(x5,n),(32G®fc2’*32CS(a:^,n) iii=l ii2=l 
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Mqj-1 Mq^-1 

^ £ £ SQtQ = {s,t) 

QlSX>i Q2GP2 ui=l U 2 =l 

as n —)■ +CXO, which shows that tn tends to t in the weak type convergence. □ 


Now we dehne the lifting and projection operators as follows. 

Definition 5.12. For fnnctions / G L‘^{Xi x X 2 ), dehne the lifting operator by 

( 5 - 23 ) n(/) = {(/,/ 4 '‘S)}o.«,Q„„- 

Definition 5.13. For seqnences s = {sQ^^ui,Q 2 ,u 2 }y dehne the projection operator Tp by 

Mq -^-1 Mq ^-1 

(6.24) Tp(s)= J2 Y, 12 11 

QiGX>i Q2^T^2 Ui=l U2=l 


Then it is clear that 


f = TpoTp{f) 


in the sense of x X 2 ). 

Next we give the following two anxiliary propositions, which show that the lifting opera¬ 
tor Tp maps H\^^{Xi xX 2 )nL^(Xi XX 2 ) to and maps BMOrf,rf(Xi xX 2 )nL^(Xi XX 2 ) 

to n s^. 


Proposition 5.14. For all f G L^{Xi x X 2 ) n Hl^{Xi x X 2 ), we have 

(5.25) \\TL{f)\\s^<\\f\\Hl,ix,.X2y 
Proposition 5.15. For all f G BMOd,(i(Xi x X 2 ), we have 

(5.26) l|Tn(/)|U<Cf(/). 

Proposition 5.16. For all s G fl we have 

(5.27) \\Tp{s)\\Hi^(^XixX2) ~ ll^llsi. 

Proposition 5.17. For all t G n we have 

(5.28) Cf(Tp(t)) < ||t|l,i. 

These fonr propositions follow directly from the dehnitions of the Hardy spaces F[^^{Xi x 
X 2 ) and the seqnence space and from the dehnitions of the BMO space BMOd,d(Xi x X 2 ) 
and the seqnence space c^. 

Theorem 5.18. For each (p G BMOrf^rf(Xi x X 2 ), the linear functional given by 

(5.29) i{f) = {p, f) := j p{xi,X2)f{xi, X 2 ) d/Ui(xi)d/U2(x2), 

initially defined on F[^^{Xi xX 2 )nL^(Xi XX 2 ), has a unique bounded extension to H\J^Xi x 
X 2 ) with 

||£|| < CCf(^). 

Conversely, every bounded linear functional i on H]^^{Xi x X 2 ) H L‘^{Xi x X 2 ) can be 
realized in the form of (5.29), i.e., there exists p G BMOrf^rf(Xi x X 2 ) with such that (5.29) 
holds for all f G x X 2 ) n L'^{Xi x X 2 ), and 

cfM<c||«||. 
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Proof. Suppose G BMOd,(i(Xi x X 2 ) and we define the linear functional i as in (5.29) for 
/ G X X2 ) n L‘^{Xi X X 2 ). Then by the Haar expansion we have 


Mq ^-1 Mq ^-1 


p{xi,X2) {f,hl\hl\)hl\{xi)hl\{x2)dfii{xi)dp2{x2) 

QiGT>i Q2^T^2 Wi = 1 U2 = 1 

= Y. Y. Y. Y. ifx's,hi\){‘p.h's,hZ) 


QiGX>i Q 2^'^2 "lil —1 U 2 — I 


< c 


{(/TSftS)} . {{v>.ftSAS)} 


where the inequality follows from (5.18). 
As a consequence, we obtain that 


K(/)l < c||Ti(/)|L.||n(^)||^, 


which implies that <p is a bounded linear functional on H^^{Xi x X 2 ) fl L'^(Xi x X 2 ) and 
hence has a unique bounded extension to iff .(Xi x X 2 ) with M\\ < CCHip) since ,{Xi x 
X 2 ) n L2 (Xi X X 2 ) is dense in Hl^{Xi x X 2 ). 

Conversely, suppose is a bounded linear functional on H^^{Xi x X 2 ) nL^(Xi x X 2 ). We 
set ii = a. o Tp. Then it is obvious that £1 is a bounded linear functional on n s^. 

Note that f = Tp o Tp{f) for every / G Lf{Xi x X 2 ). We have 


^{f)=^{TpoTL{f))=^,{TL{f)), where£i = £oTp. 

Now by the duality of with c^, we obtain that there exists f G with ||t||ci < ||^|| such 
that 

li{s) = {t,s) 

for all s G s^. Hence, we have 


^i(Tl(/)) 


which implies that 


and moreover. 


{t,Tp{f)) 

E E E E tQuupQ.uAf:hl\hl^^) 

Ql£T>l Q2&'C>2 «!=! 112 = 1 

Mq ^-1 Mqj-I 

f-Y Y Y Y 

QlSl?! Q 2 GU 2 «1 = 1 M2 = l 

(f.Tpit)), 


i{f) = {f,Tp{t)) 


ct{Tp{t))<c\\ty<c\\i\\. 


□ 


6. Dyadic structure theorems for H ^{ X ) and BMO(X) 

In this final section, we prove our dyadic structure results. Namely, the product Hardy 
space H^{X) is a sum of finitely many dyadic product Hardy spaces, and the product 
BMO(X) space is an intersection of finitely many dyadic product BMO spaces. We also 
establish the atomic decomposition of the dyadic product Hardy spaces pt 2 (W), which 

plays a key role in the proofs of the dyadic structure results. As in the previous section, 
these results all hold for n parameters, but for notational simplicity we write in terms of two 
parameters. 
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Theorem 6.1. Let X = Xi x X 2 be a product space of homogeneous type. Then 

Ti T 2 

L = lt2 = l ^ ^ 

The corresponding result holds for n parameters. 

As a consequence of Theorem 6.1, we obtain the following by duality. 

Theorem 6.2. Let X = XiX X 2 he a product space of homogeneous type. Then 

_ Ti T 2 

BMO(X) = nn 

il = l *2=1 

The corresponding result holds for n parameters. 

To do this, we first give the definition of atoms for the dyadic product Hardy space 

*2 (^) and then provide the atomic decomposition, where = 1,..., Ti; t 2 = I, ■ ■ ■ ,T 2 . 

n’l , 1*2 

For brevity, we will drop the reference to the parameters (^ 1 ,^ 2 ) until we return to the proof 
of Theorem 6.1. 

Definition 6.3. A function a(a:i,X 2 ) defined on X is called a dyadic atom of if 

a{xi,X 2 ) satisfies: 

(1) suppa C fl, where hi is an open set of X with finite measure; 

(2) ||a||i,2 < 

(3) a can be further decomposed into rectangle atoms or associated to dyadic rectangle 
R = Qi X Q 2 E Vi X R 2 , satisfying the following three conditions: 

(i) suppoR C R {localization)] 

(ii) aR{xi,X 2 ) diJ.i{xi) = 0 for a.e. X 2 E X 2 and aR{xi,X 2 ) dp. 2 {x 2 ) = 0 
for a.e. Xi E Xi {cancellation)] 

(hi) a = X) Ur and X \M\l 2 (x) < {size). 

R^m{Q,) R£m{Q.) 

Remark 6.4. We note that the only difference between the dyadic atoms defined here and 
the “continuous” atoms defined earlier in Definition 5.3 is that here the rectangle atoms or 
are supported on the rectangles R, while for the continuous atoms, the rectangle atoms or 
are supported on a dilate of R. 

Next we provide the atomic decomposition for jy^{X). 

Theorem 6.5. If f E Hf,^jy^{X) r\Lf{X), then 

f = ^ AfcOfc, 
k 

where each au is an atom of Definition 6.3, and X^ |Afc| < C||/||^i 

Conversely, suppose f := Xfc where each Ok is an atom of Definition 

6.3, and Xfc |Afc| <C < 00 , then f E ^^^{X) and WfH^i (A) |Afc|. 

Proof. Suppose / G Hf,_^ j)^{X). Then Sd,d{f) E L^{X). For each fc G Z, we now define 
Qk = {{xi,X 2 ) E X : Sd,d{f){xi,X 2 ) > 2^}, 

Bk = [R = Qi X Q 2 E Vi X V 2 : fi{Llk HR) > ^/i(R), and fi{Llk+i C R) < ^fi{R)] 

Qk = {{xi,X 2 ) E X : Ms{xnk){xi,X 2 ) > C}, 
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where Ms is the strong maximal function on X and C is a constant to be determined later. 

Now by the Haar expansion convergent in L‘^{X), and since each rectangle R E Vi x 1)2 
belongs to exactly one set we have 

^Qi ^Q2 

f = E E E </• 

QiXQ2GUiX7?2 Ul = l U2 = l 

^Qi ^Q2 

= E E EE(/- 

k QixQ2€Sfc ui=l ii2=l 

= : AfeOfe, 

k 

where 

Mqj Mq^ 

ak{xi,X2) = Y (^ 2 ) 

^ R=QixQ 2 &B^. ui=l U 2=1 

and 

^Qi ^Q2 ^/2 

^‘=( E E E IT 

R=QiXQ 2^B}^ Ui = lU2 = l 

To see that the atomic decomposition YlT=-oo converges to / in the norm, we only 
need to show that || X]|fc|>£0 as £ ^ 00 . This follows from the following duality 
argument. Let g E with || 5 f ||2 = 1. Then 


^Afcafc|| 2 = sup \{^Xkak,g)\. 
\k\>e Il9l|2 = l 


Note that 


^Qi ^Q2 

= E E EEt'"S fcsxsTSfcs). 

|fc|>£ \k\>£ R=QixQ2GBk ui = l U2=l 

Applying Holder’s inequality gives 


{^Xkak,g)\ < 
\k\>e 


Mq, Mq„ 

(E E EElTTOf) 

|fc|>£ R=Qi xQ2GB*; mi=1 112=1 

Mqi Mq 2 

x(E E EEItwjO 

|fc|>^ ii=Ql xQ2SRfc ui = l 112 = 1 


Note again that 

(E E E E IT ftoTgjr) < Chh < c, 

\k\>£ R=QixQ2GBi^ iti=l 112=1 


and 


Mq, Mq, 

(E E EEItwjD 

|fc|>£-R=Qi xQ2SRi; 111—1^2 —1 


tends to zero as £ tends to infinity. This implies that || ^^0^112 —?■ 0 as £ —)■ 00 and 

hence, the series Y^'^=-oo Xk^k converges to / in the norm. 
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Next, it is easy to see that for each k, suppa^ C since R ^ Bk implies that R C klk 
when we choose C < 1/2. Hence we see that condition (1) holds. 

Now for each k, from the dehnition of and the Holder’s inequality, we have 


lla^ll 


Mqj Mq 2 

y* = sup |(o,.g)| = - ^ '“S 

9-- Il9lh2(^)=l 


< 


Aa 


R=QixQ2£Bk 111=1 Ji2 = l 

^Qi ^Q2 

E EEK/. 

R=QixQ2(zBk 111 = 1112=1 


X 


^Qi ^Q2 

E EEI<9.'“oA 

R=Qi xQ2GBk ui=l U2=l 


1/2 


which implies that condition (2) holds. 

It remains to check that satishes condition (3) of Dehnition 6.3. To see this, we can 
further decompose as 

'^k,Ry 

where m{Qk) denotes the collection of maximal dyadic rectangles i? G Di x D 2 contained in 
Qk, and 

Mq^ Mq^ 

afc,i!(a^D 3 ^ 2 ) = ^ ^Qi^Q 2 )^Qi(^i)^Q 2 (^ 2 ). 

R=QixQ2eBk, RCR 111=1112=1 

By dehnition we can verify that 

supp n C R. 

By the facts that J h'Q^{xi)dfii{xi) = f hQ^(x2)d/j,2(x2) = 0, we have, for a.e. X 2 G X 2 , 



ak^-^(xi,X2)djUi(xi) = 0 


and for a.e. Xi G Xi, 



ak,Ri.^l^^2)dfi2{,X2) = 0, 


which yield that the conditions (i) and (ii) of (3) in Dehnition 6.3 hold. It remains to show 
that Ofc satishes the condition (iii) of (3). 

To see this, we hrst note that 


Mn, M, 


\^k,R\ 


E 


^Qi 


Q2 


2. ^q\^Q2)^q\(^i)^Q2(^2) 


_R=Qlxg2GPfc, RCR 111 = 1112 = 1 


From the dehnition of Afc, by applying the same argument as for the estimates of ||afc|| 2 , we 
can obtain that 

ll®fc,R|lL2 ^ ^ 5 

which implies that condition (iii) holds. 

We now prove that Ylik l-^fcl < CWflln^ i^v 

•Di,T> 2'- I 
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First note that by definition of Qk+i and Remark 5.10, 

f Sd,dif){xi,X2f dfii{xi)dfi2ix2) < 

Moreover, by the Monotone Convergence Theorem and by Remark 5.10, we have 


^fc\^A;+l 


5'd,d(/)(a:i,a;2)^d/ii(xi)d/i2(x2) 

Mq^ Mq^ 

-L Y 1 |(/>^Qi^Q2)r^Qi(^i)^Q2(a^2)ci/ii(a;i)c?h2(a;2) 

Jnk\i^k+l iJ=Qi xQzGSfc «1=1 «2=1 

Mqi Mq 2 

S E EE !</.'«'‘Syr 

/?=QlXQ2SSfc Ml = l li2 = l 

^Qi ^Q2 


\2 f^{^k \ ^fc+1 C -R) 
fi{R) 


^ 1/2 E EElT'*o‘.'‘S>r. 

R=Qi xQ2GBfc wi—1 M2 —1 

since R E Bk implies that /i((f2fc+i\f2fc+i) fl i?) < fi{R)/2. 
From the definition of Xk, we have 


Ei^ 


k — 


^Qi ^Q2 


cE E EEItas^s)! Msi.: 


k R=Q\'x.Q2^^k ui=l U2=l 


1/2 


1/2 


< 


c 5 l 2 V(^A 




Conversely, suppose / ;= 'Ylk^kO'k where each is an atom of V 2 i^) Defini¬ 

tion 6.3, and J2k <^< 00 . 

Then 


<S'd,d(/)(a;i,X2) = Sd,d{'^Xkak) {xi,X2) < 51 \h\Sd,d{ak) {xi,X2). 

k k 

It suffices to estimate the L^{X) norm of Sd^d{o‘k) (^^i, X 2 )- For the sake of simplicity, we drop 
the subscript k for the atom and now estimate ||<S'd,d(a)||j;^i(.^^, where a is a dyadic atom as 
in Definition 6.3 with support D. 

Now let Cl = UHGm,(o)100R. We have 

\\Sd,d{a)\\Li(^x) = ll>S'd,d(a) 11x1(0) + l|'S'd,d(a) ||xi(o=)- 

It is obvious that ||5'rf,rf(a) ||ii(n) < KClY^‘^\\Sd,d{a)\\L2{n) < Ch(^)^'^^l|a|lx 2 (x) < C, where 
C* is a positive constant independent of a. 

From the definition of the atom a, we have 

||-S'd,d(a)||ii(Qc) < 51 / Sd,d{aR){xi,X2)didi{xi)diJ,i{dx2). 

Rem(O) 
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For each rectangle R = Qi x Q 2 that appears in this sum, we have from the definition of the 
square function Sd,d{aii) that 

^Qf “1 ^Qf 

Sd,di.aR){xi,X2) := { ^ ^ ^ • 

Q'lGPl Q'2&'D2 “1=1 “2 = 1 

Now if Q 2 is a child of Q' 2 , then is constant on Q 2 , and so 


{an,hl\hll) = 



Qi-' Q 2 


aR{Xi,X2)h^,^{Xi)h^,^{x2) d^i{xi) dfi2{x2) 


C 


'Qi \-J Q 2 


aR{xi, X 2 ) dn2{x2) 


h“’^(xi)dpi(xi) 


= 0 


by the cancellation property of rr. Similarly, if Qi is a child of Q'l, then {rr, h^/h'^,) = 0. 
Clearly if Qj n Q' = 0 for i = 1 or i = 2 then the inner product is also zero. Thus 

—1 —1 

Sd,dMi^l^^2) = { \{(^R^h^\hl\)XQ[{xi)XQ'^{x2)\'^j . 

Q'i£Vi,Q2&X>2, “ 1=1 “2 = 1 

q;cQi Q^CQa 

This implies that Sd,d{RR){xi,X 2 ) is supported in R. Thus, 

/ Sd,d{aR){xi, X 2 ) d^ii{xi) dfi2{x2) = 0 . 

As a consequence, we have 

||*S'd,d(a') II 1,1 (X) — 

where C is a positive constant independent of a. Then 

ll■S«(/)lli.,x, < IVII|S«(a,)||y„^, < |Aj|. □ 

k k 


It remains to prove Theorem 6.1. 

Proof of Theorem 6.1. First we prove the inclusion H^{XixX 2 ) C h t 2 (^iX 

X2 ). Suppose / G H^{Xi X X2 ) n L‘^{Xi x X2 ). From Theorem 5.4, we obtain that 

/ = 

j 

where each rj is an H^{XixX 2 ) atom as defined in Definition 5.3, and |Aj| < C||/||j:^i(XixX 2 )- 
Thus, from the Definition 5.3, we see that rj is supported in an open set Qj G Xi x X 2 
with finite measure. Moreover, rj = X]i?Gm(Oj) where each rj^r is supported in CR. 
Since i? is a dyadic rectangle, we have R = x for some fci, /c 2 G Z and ai G 
and 02 G 3242- Thus, from the definition of the dyadic cubes in Section 2.1, we further have 
R C X B{x^^,C 2 d’^^). As a consequence, we obtain that suppaj^n is contained 

in B{x^^\ , CCi6^^ ) X B{x %, CC25’^^) = CR. _ 

Next, from Lemma 4.12 in [HK], we see that B{x^\, CCiS’^^) must be contained in some 
jdi) G for some ti in {1, 2,..., Ti}. Similarly, B{x’f^^,CC 2 S’^^) must be contained 
in Q^f{k 2 ,fl 2 ) £ for some ^2 in {1,2,... ,T 2 }. Moreover, there exists a constant C such 
that /i((5i^(fci,/3i)) < , CCi(5^i)) and that p(( 52 ^(/c 2 ,/S 2 )) < Cii{B{x^^^,CC 2 d^^)). 

As a consequence, suppoj^j^ is contained in (5i^(fci,/3i) x Q^f{k2,l32). 
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Thus, we can divide the summation aj = follows: 

Ti T 2 

“t.R- 


ttj — 


We now set 


0 = 1 t2 = l 




mm{nj),CR(ZQY {ki,l3i)xQl^ {k2,IS2) 




%,R- 


Remiflj ) ,CRcqI^ (ki,0i)x qI^ (k2,02) 

Then we can verify that aj^ti,t 2 is an ^t 2 (-^i XX 2 ) atom. Moreover, ftj^^t 2 ■= J2j ^j^j,ti,t 2 ^ 
2 pt 2 (^i X X 2 ) with 

ll/o < |Aj| < C'||/||hi(VixA2)- 

3 

Hence, we obtain that 

/ = Ev, = EE/..a. 

3 U =1*2=1 

whereG (-^1 ><-^ 2 ), and Z]^=i ll/ii,* 2 ^.^(XixXz) < C'7 'iT2||/||/^i(XixA2)- 

This implies that H^{Xi xX 2 )nL^(Wi x W 2 ) C Yl'ti=i ^^ 1=1 ^^(^i ^-^ 2 )- Moreover, 

note that H^{Xi xX 2 )P\L‘^{Xi XX 2 ) is dense in H^{Xi XX 2 ), we obtain that H^{Xi XX 2 ) C 
E?=lE?=li^io^o(^lXX2). 

Second, we prove that H\^ C W^(X), for every ti = l,...,Ti; t 2 = 1,...,T2. 

I?1 ,I?2 

To see this, we now apply the atomic decomposition for the dyadic product Hardy space 
HX „t 2 (^), i-e.. Theorem 6.5. 

5^2 

For / G ■jyt 2 {X) nL^(W), we have / = AfcOfc, where each a^, is a dyadic atom as in 
Definition 6.3 and J2k |Afc| < C'II/IIhi (x)- 

Note that the dyadic atom in Definition 6.3 is a special case of the H^{X) atom. We obtain 
that / G H\X) and that WfUn^x) < C\\f\\j^i which yields that n 

L2(X) C H^{X). 


As a consequence, we obtain that t 2 i^) ^ 


□ 
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